Impulsive waves in the Nariai universe 
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A new class of exact solutions is presented which describes impulsive waves propagating in the 
Nariai universe. It is constructed using a six-dimensional embedding formalism adapted to the 
background. Due to the topology of the latter, the wave front consists of two non-expanding 
spheres. Special sub-classes representing pure gravitational waves (generated by null particles with 
an arbitrary multipole structure) or shells of null dust are analyzed in detail. Smooth isometries of 
the metrics are briefly discussed. Furthermore, it is shown that the considered solutions are impulsive 
members of a more general family of radiative Kundt spacetimes of type-//. A straightforward 
generalization to impulsive waves in the anti-Nariai and Bertotti-Robinson backgrounds is described. 
For a vanishing cosmological constant and electromagnetic field, results for well known impulsive 
pp -waves are recovered. 
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I. INTRODUCTION 



Many exact solutions of Einstein's equations are known 
which describe radiative spacetimes (a recent review and 
references are provided, e.g., in As special cases, im- 
pulsive waves have been widely investigated. Their ge- 
ometry is characterized by the Dirac delta contribution 
to the curvature tensor, supported on a null hypersur- 
face, which is interpreted as an impulsive field propagat- 
ing in a given background. 1 In the simplest situation 
this is a constant-curvature space (Minkowski, de Sitter 
or anti-de Sitter) and all main features of such metrics 
are well known (see || and references therein). In par- 
ticular, these belong to two distinct families in which the 
waves are either expanding or non-expanding, thus being 
understood as limiting cases of sandwich waves of the 
Robinson-Trautman or the Kundt classes, respectively. 
Specific non-expanding solutions were originally obtained 
by applying the Aichelburg-Sexl ultra-relativistic boost 
to different elements of the Kerr-Newman and Weyl 
families (see, e.g., || ^, ^, ||, ||). It has then been shown 
|To| , [lTf that the whole class of non-expanding impul- 
sive pure gravitational waves (with the only exception 
of plane waves) is generated by null particles with an 
arbitrary multipole structure, corresponding to singular- 
ities of the metric tensor. Moreover^ as an extension of 
the Penrose's geometrical method fT^I , Dray and 't Hooft 
have introduced a "shift-function" technique, which en- 
ables to construct non-expanding impulsive waves also 
in non-constant-curvature backgrounds. They used it to 
derive the field produced by a massless particle fl3| or by 
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1 As known, dealing with distributions in General Relativity may 
lead to quantities which can not be denned within the linear 
Schwartz's theory. When this occurs, the advanced framework 
of Colombeau's algebras of generalized functions is required. See 
H for recent developments and applications to Einstein's theory. 



a spherical shell of null matter [Tj] located at the horizon 
of a Schwarzschild black hole. Their approach has been 
later generalized |1| to include a cosmological constant 
A and matter fields. 

Now, a simple observation is that non-expanding im- 
pulsive waves propagating in all possible spherically sym- 
metric vacuum backgrounds with A = have thus been 
explicitly described. This is guaranteed by the cele- 
brated Birkhoff theorem (see, e.g., |l6|), which leaves 
the Schwarzschild metric (with the Minkowski universe 
as a trivial sub-case) as the only possibility. How- 
ever, the generalized version of this theorem admitting 
a non-vanishing A jl6|, [l?], [r| provides a richer class 
of non-equivalent metrics. Namely, one has not only 
the Schwarzschild-(anti-)de Sitter solutions, but also the 
Nariai metric Jig] , when A > (its A < counterpart, 
to which we shall refer as "anti-Nariai" , admits different 
symmetries). 

The Nariai line-element, which actually (in a Euclidean 
notation) dates back to Kasner [^(J, is indeed a non- 
singular solution of the vacuum Einstein's equations with 
a positive cosmological constant, R^ LV — Ag^. It is the 
direct product of a two-dimensional de Sitter space with 
a 2-sphere. It admits a 6-parameters group of motions 
and is not conformally flat. Therefore, it is both locally 
and globally distinguished from the de Sitter space. Be- 
sides the historical attention it deserved thanks to its ge- 
ometrical properties |l6|, [19, 20, 21] , more recently it has 
been the object of a renewed interest, since it emerges 
as the extremal limit of Schwarzschild-de Sitter black 
holes ||^, Q (which is not equivalent to consider "ex- 
treme" black holes, studied, e.g., in Q). Thus, it can 
be viewed as a "degenerate" black hole, in which the two 
horizons have the same (maximum) size and are in ther- 
mal equilibrium at the temperature T = \ / ^A/2n. Ad- 
mitting a regular Euclidean section, it turns out to be a 
good "instanton" for the study of quantum pair creation 
of black holes during inflation. In more general terms, 
a "charged" version of the Nariai metric [El| (see also 
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p6|) is interpreted as a degenerate Reissner-Nordstrom- 
de Sitter black hole |p7| . This has been considered also 
in dilatonic theories, e.g. in p^j . 

To our knowledge, impulsive waves in the Nariai uni- 
verse have not yet explicitly been studied. It is the 
purpose of the present paper to construct and analyze 
non-expanding impulsive waves propagating in this back- 
ground, thus filling a "gap" in the classification of impul- 
sive waves in spherically symmetric spaces. 2 

Sec. [n] reviews the Nariai geometry, useful in the se- 
quel. The complete metric representing impulsive waves 
is presented in Sec. [TJ. This is done by means of a 
global six-dimensional formalism adapted to the Nar- 
iai spacetime. The unusual geometry of the wave front 
is described by means of six- and global natural four- 
coordinates. In Sec. IV contributions to the curvature 



due to the waves are calculated, and a general exact so- 
lution to the vacuum field equations is provided. It is 
shown that the only possible regular solution is given 
by a trivial "gauge" term, which can be removed by an 
appropriate coordinate transformation. Then, the un- 
avoidable singularities are interpreted as point sources 
of pure gravitational waves. Also, a complementary sit- 
uation is discussed in which there is no impulse in the 
Weyl scalars and the gravitational field is entirely due to 
shells of null matter. Sec. |y| deals with smooth symme- 
tries of the impulsive metrics. In Sec. VI it is shown 



that these non-expanding impulsive waves are in fact 
a limiting case of a more general type-// spacetime of 
the Kundt class, as a "profile" function approaches the 
Dirac delta. It is thus suggested to interpret this gen- 
eral spacetime as the Nariai universe with gravitational 
radiation. A straightforward generalization to impulsive 
waves in other direct product backgrounds, in particular 



the Bcrtotti-Robinson universe, is sketched in Sec. VII 



II. THE NARIAI SPACETIME 



The Nariai universe 19, can be conveniently visu- 
alized as a 4-submanifold of a six-dimensional Lorentzian 
flat manifold 



ds 2 = -dZ Q 2 + dZ t 2 + dZ 2 2 + dZ 3 2 + dZi 2 + dZ 5 2 , 



(1) 



determined by two constraints 



-Z 2 + Z 1 2 + Z 2 2 =a 2 , Z 3 2 + Z 4 2 + Z 5 2 =a 2 



(2) 



In Sec. |l^ it is shown how, in fact, impulsive waves in the Nariai 
spacetime can also be recovered as specific s uble ases of previously 
introduced general classes of metrics |a , B9|. The author is 
grateful to the referee for bringing [ pj| to his attention. 



where a > is related to the cosmological constant by 



A 



1 



(3) 



It is then obvious that the spacetime is the direct prod- 
uct dS2 x § 2 of two constant curvature 2-spaces, thus 
being "symmetric" (i.e., i? Al ^ p(T:r = 0) pM, and admits a 
six- dimensional group of isometries 5*0(2, 1) x 50(3). In 
particular, it is spherically symmetric (but not isotropic) 
and (locally) static. Furthermore, the group acts tran- 
sitively (i.e., the spacetime is homogeneous) and has a 
two-dimensional isotropy subgroup at each point, com- 
posed of one boost and one spatial rotation. Note that 
the charged Nariai solution is obtained by replacing 
the second constraint in (||) with Z 3 2 + Z 2 + Z$ 2 = b 2 
(where b — constant ^ a), provided aT 2 + b~ 2 = 2 A. 

Various four-dimensional parametrizations of ([!]) with 
(^) are known. The static Schwarzschild-like one (cover- 
ing only a part of the whole manifold) 



ds 2 



a- 



a 2 {d9 z 



dt 2 



sin 



1 - 



dr 2 



(4) 



is given by (for < r < a) 



Z() = \/ a 2 — f 2 sinh(f/a), Z\ = y/ a 2 — r 2 cosh(t/o), 
Z 2 = r, Z 3 = a sin 9 cos 4>, (5) 
Z4 = a sin 6 sin <fi, Z5 = a cos 9. 

With the natural re-definition 



Zq = asinh(r/o), 

Z\ = a cosh(r / a) cos x, 

Zi = acosh(r/a) sinx, 



(6) 



for t € (—00, +00) and \ £ [0, 27r] periodic, one gets the 
global Kantowski-Sachs cosmological line-element 



ds 2 = -dr 2 + a 2 cosh 2 (r/a)dx 2 + a 2 (d6< 2 + sin^ 



(7) 



in which the K x S 1 x § 2 topology is manifest. Note that 
while the S 1 factor describes a circle which shrinks to a 
minimum radius a at t = and then re-expands, the 
S 2 has a constant radius a at any time (this is different 
from the well known behaviour of the de Sitter universe, 
whose S 3 spatial section contracts and expands isotrop- 
ically). Now, for constant 9 and 4>, it is straightforward 
to visualize the conformal structure of the spacetime by 
defining a conformal time 



T) = 2arctan(e T/a ) G [0,tt] 



(8) 



The diagram (Fig. [j]) is that of a two-dimensional de 
Sitter space, with a spacelike infinity for timelike and null 
lines. Obviously, each point of the diagram corresponds 
to a two-sphere of constant radius a, parametrized by 
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_ T| = 7C 



ri = 



x = o 



X = n 



% = 2k 



FIG. 1: The conformal diagram of the non-singular Nariai 
universe in coordinates (n,x) of (@) an d (§)■ The spacelike 
boundaries 7/ = and r\ — ir correspond to r = —00 and 
r = +00, respectively. The angular coordinate \ spans a 
circle, so that \ = an< i X = % n are identified. Each point 
of this representation is a 2-sphere in the actual spacetime. 
Solid and dashed null lines represent the (disconnected) past 
and future event horizon, respectively, for a geodesic observer 

x = o. 



(0,4>). For the geodesic observer x = 0, for instance, 
both the future and past event horizon consist of two 
connected components. These are given for the former 



by v+ 



X — it and 77 



/ 



X, and for the latter by 



rj p + = x an d rf_ = 2n — x- 

In order to express the curvature tensor, we introduce 
another suitable coordinate system. First, we define six- 
dimensional null coordinates U = ~^(Zo + Z\) and V — 

-^(Zo ~ Zi), and then 



v = -- 



Z 2 = 



1 — Auv 



Z* = 



c+c 



Za = —i 



c-c 



Z-, = 



2An 

2 — E 



\/A£ 



with 



tt = ±(1 + Auv), S = l + iACC- 
This gives a Kruskal form 



ds 2 = 



Adudv 



2d(d( 



(l + Auv) 2 (1 + lACC) 2 



(9) 



(10) 



(11) 



in which the limit A — > can be explicitly performed, 
leading to the Minkowski spacetime. Using the natural 
null tetrad k = fld v , I = —fld u , m = £9^, the only 
non-trivial curvature components are 



A 

2 — ~7T' 



i? = 4A. 



(12) 



This explicitly demonstrates that the Nariai spacetime is 
a Petrov type- 1? solution of vacuum Einstein's equations 
with a positive cosmological constant. 




FIG. 2: The 2-hyperboloid visualizes the dS2 factor of the 
Nariai spacetime dS2 x § 2 , once that the coordinates Z3, Z4 
and Z5 have been suppressed (see (Q) and (Q)). Then, each 
point corresponds to a 2-sphere of a constant area Aira 2 in 
the four-dimensional spacetime. The parallel straight lines 
Zo + Z\ =0 are the histories of two of these spheres, which 
propagate at the speed of light and represent the impulse (j^|) . 



III. GEOMETRY OF IMPULSIVE WAVES 

It is known that non-expanding impulsive waves in 
the (anti-)de Sitter backgrounds can be conveniently de- 
scribed as five-dimensional impulsive pp -waves plus an 
appropriate constraint [Q [llj] . In close analogy, we intro- 
duce here a class of impulsive waves propagating in the 
Nariai universe as a six-dimensional pp -wave constrained 
by (0), i.e. as a metric 



ds 2 = - 2dlW + dZ 2 2 + dZ 3 2 + dZ 4 2 
+ H(Z 2 ,Z 3 ,Z^Z 5 )S(U)dU 2 , 



dZ* 



with 



-2UV + Z 2 Z = a z 



Z A 



Z, 2 = a 2 , 



(13) 



(14) 



where S(U) is the Dirac distribution. For U 7^ the 
spacetime ([l3|) (with (l4j)) obviously reduces to the Nar- 
iai background. The impulse is located on the null 3- 
manifold U = = Zq + Z\ , given by 



Z-, 



±0, 



Zo 



Zi 2 + z 5 2 



(15) 



This is the history of two non-intersecting and non- 
expanding 2-spheres of constant area 47ra 2 , so that the 
spatial sections of the 3-wave front are disconnected 2- 
manifolds (see Fig. ||). In the global coordinates of (0), 
which display the S 1 x S 2 spatial sections of the universe, 
the impulsive wave stays at cosx = — tanh(r/a), with 
its connected components at 



X+ = arccosf— tanh(r/a)], 

X- = 2ir — arccos[— tanh(r/a)], 



(16) 



respectively. These are nothing but the components rj± 
of the past event horizon of the geodesic observer x = 



4 




FIG. 3: Suppressing the 6 in global coordinates ([?]), each 
spatial section of the Nariai universe reduces to a 2-torus 
parametrized by (x,<f>), as drawn for different values of the 
proper time r. The torus is contracting for r < 0, reaches its 
minimum size at r = 0, and then re-expands indefinitely as 
t — * +oo. However, such an expansion is anisotropic, only in- 
volving the angular coordinate x- At any time, the impulsive 
wave front consists of two non-expanding 2-spheres, repre- 
sented here by circles of constant radius. These propagate in 
opposite directions from one side of the universe (x = 0) to 
the other (% = it), as r grows from -co to +oo. 



in the Nariai cosmos, see Sec. P and Fig. g. Formula |[|) 
demonstrates that the two S^components propagate in 
opposite directions along the circle 8 , from \+ — 0, 
X- = 2-7T as t — > — oo, to x+ — 7r /2, X- = 37r/2 at r = 
an d X± = 7T as r — > +oo. Thus, the history of each 
of them spans exactly one-half of the § . Note that, 
although their x~ se P ara ti° n decreases (as r — * ±oo), 
they never collide. Indeed, the S 1 contracts and then 
re-expands in such a way that the spatial separation be- 
tween these, Al = acosh(r/a)[(x- — x+) m °d 2n], is 
always finite. In particular, this reaches its maximum 
value it a at r = 0, when the circle contracts to a mini- 
mum radius a, and approaches 2a in the limit t — * ±oo, 
when the circle expands indefinitely. In order to visualize 
the propagation of the impulsive wave, let us suppress one 
spatial dimension by fixing 9 = 9o = constant =/= 0, tt in 
(pi) . Then, each connected component of the wave front 
reduces to a circle of a constant radius asmOo, spanned 
by 4>, which propagates on a flat 2-torus S 1 x S 1 , with 
coordinates (x, <t>)- This is represented in Fig. || (which is 
not completely faithful, as a flat 2-torus can not be iso- 
metrically immersed in IR 3 ). It is interesting to compare 
the description of the present geometry and its global 
structure with that of non-expanding waves in a de Sit- 
ter spacetime, given in [p0|. 



IV. CURVATURE AND EINSTEIN'S 
EQUATIONS 

In this section we evaluate the curvature tensor and 
solve the vacuum equat ion s associated with the impulsive 
waves presented in Sec. Ill . With the parametrization (||) 
(and a trivial re-scaling H = \/2H) the metric ([l3]) with 
( |l4| ) becomes 



ds z 



H(C, ()S(u)du 2 + Mudv 2d(d( 
(1 + Auv) 2 + (T 



(17) 



Note that ( |l7|) could equivalently be obtained by means 
of the Dray-'t Hooft shift-function method [|l3| 15 ap- 
plied to (|llj), or by using the general construction based 
on the generalized Kerr-Schild class |2S|. 3 Now, we 
employ the null tetrads formalism. We replace I in 
the null tetrad of Sec. [il] with the more general I — 
(~ d u + iHS(u)d v ) , and consider the distributional 
identity u8(u) — 0. Expressions ( ^2[ ) remain unchanged 
and the only new curvature components are 



* 4 = -|E (A(H C + EH CC ) S(u) 

$ 22 = -iE 2 i/ cf0 (u). 



(18) 



Thus, in general the metric ( |17[) describes impulsive grav- 
itational waves plus an impulse of null matter localized at 
u = 0. Correspondingly, on the wavefront the spacetime 
is of Petrov type-//, with energy-momentum represent- 
ing pure radiation (AirT^ = ^22 k^k v ). The impulsive 
contribution to the Weyl tensor is of type- AT (as expected 
from the general theory of lightlike shells 31 , see also 
pi pi). The limit A 



in <\m and (18) leads to 



results for well known impulsive pp -waves. 

Pure gravitational waves occur when the simple vac- 
uum field equation — is satisfied, i.e. for 



H(C,0 = f (0 + 1(0, 



(19) 



in which /(C) is an arbitrary analytic function of £. 
This is again formally analogous to well known pp- 
waves |l(], except that the coordinates (C, C) span 
2-spheres, here, instead of 2-planes. In particular, for 
H = ao = constant the line-element ( p"7j ) represents 
only the Nariai background in different coordinates, since 
the impulse is removable by the discontinuous coordinate 
transformation 



1 - ia Au6(u) ' 



v = v + \a Q(u), 



C' = C, 
(20) 



where Q(u) is the step function. This result is in full 
agreement with the Birkhoff theorem, as a metric (|l7|) 



3 The metric ( p^j ) is indeed naturally decomposed as g M „ = 
g HS(u)k ti ku + gfiv, where g^u corresponds to the Nariai back- 
ground (11 If) . 
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with a constant H clearly represents a spherically sym- 
metric vacuum spacetime. 



General non-trivial solutions (19) necessarily contain 
singularities localized on the wavefront, which can be 
considered as null point sources of impulsive gravitational 
waves. In order to achieve such a physical interpretation, 
it is convenient to follow in introducing a coordinate 



cos 6, 



(21) 



so that Z$ = ay/1 — z 2 cos <p, Z± = ay/1 — z 2 sin (f>, Z5 = 
az. This parametrization enables us to rewrite the matter 
content of the spacetime as 



iAH6(u) 



(22) 



where A = A{d z [(l - z 2 )d z ] + (1 - z 2 )- 1 ^} is the 
Laplacian on a 2-sphere. By the standard method, 
one can now solve the vacuum equation $22 = sep- 
arating H(z,cf>) = Z{z)^((f). To each angular mode 
$.,„ = cos[to(0 — 4> m )] (with m = 0, 1, 2, . . . and <fi m being 
arbitrary "phase" constants) corresponds an associated 

Legendre equation {d z [(l ~ z 2 )d z ] - m 2 /(l - z 2 )}Z m = (1 - z l fH zz - = 0, (1 - z 2 )H z ^ + zH^ = 



J± m term in the energy-momentum tensor describes a 
single point source with an m-pole structure. For m = 0, 
instead, there is a pair of "monopole " particles (compare 
with Jl(| |ll)). Thus, the general solution ( ^5| ) contains 
null particles at the poles of both twin 2-spheres which 
compose the wave front. However, $22 is linear in H 
and the background is invariant under rotations. Hence, 
in general, one can superimpose any number of such ar- 
bitrary multipole particles arbitrarily located over the 
impulsive surfaces. Note that the monopole term in b Q 
describes an axially symmetric spacetime. This is the 
counterpart of the Aichelburg-Sexl jl| and Hotta-Tanaka 
j7| solutions for impulsive waves in constant curvature 
spaces. A comment on the energy conditions satisfied by 
these sources is given in Appendix 

It is finally natural to investigate the complementary 
situation in which there is no gravitational impulse in the 
Weyl scalars. Again using the coordinates (z,<fi) on the 
wave front, the complex equation ^4 = splits into its 
real and imaginary parts 



(with missing 1(1 + l)-tcrm). For each value of m, this 
has the general solutions 

Z {z) = a + — In- , 

2 1 — z 

Z m (z) = b m F m (z) + &_ m F_ m (z) (m > 1), (23) 

where ao, 60 and b± m are "amplitude" constants and 
F± m (z) are defined by the recurrence formula 



(27) 

After separation of variables, these have the general so- 
lution (up to a removable constant term) 



H(z,4>) = boz + biy/T^ 



<h). (28) 



n 

F ±m (z)^(l-z 2 r/ 2 —\n(l T z) 



1/2 



(24) 



These functions, which are basically positive and nega- 
tive powers of [(l + z)/(l — z)] 1 / 2 = cot (0/2), are singular 
at z = ±1, respectively. The general vacuum solution is 
then given by a superposition 

Til A\ I 6 ° 1 1 + Z 

H(z, 0) = a + — In 



In this case, the gravitational field is entirely generated 
by two spherical shells of null matter which form the im- 
pulse. In particular, no point particles (singularities) ap- 
pear. Again, 60 is the coefficient of an axially symmetric 
term. 

Except for the "pure" solutions (|2^) and (p8|), the 
spacetime ( |l7| ) in general describes impulsive waves gen- 
erated by an arbitrary superposition of multipole point- 
like sources and an impulse of null dust in the Nariai 



universe. 



m— 1 



(z)] cos[to(0 

)]■ (25) 



Recalling that ao represents a removable term, it is now 
clear that non-trivial solutions (|25|) contain at least one 
singularity at z = 1 or z = — 1, i.e. at one of the poles 9 = 
0, 7r of the "twin" spherical wave surfaces. By defining 
the source term as J(z,(f>) = —a 2 AH(z,cj)), one finds 
J(z,(f>) = b Q J (z) + Y l m=ii b m J "i{z,(t>) +b- m J- m (z,(f>)]. 
The m-components are given by 

J (z) = 5(l-z)-5(l + z), 

J ±m (z, 0) = -(1 - z 2 ) m / 2 S^(l T z) cos[m(0 - <f> m )], 

(26) 

where 5^ is the m-derivative of 5. Calculations which 
justify ( ^6| ) follow the approach of [Tl}| and are summa- 
rized in Appendix According to (|26|) , for m ^ each 



V. SYMMETRIES OF THE IMPULSIVE 
SOLUTIONS 

In [34| (smooth) symmetries of non-expanding impul- 
sive waves in (anti-)de Sitter spacetime have been inves- 
tigated using an embedding formalism similar to that 
of (|l^) and (|l4|). In particular, it has been demon- 
strated that these are the transformations which leave 
both the four-background and the embedding space (a 
five-dimensional pp-w&ve) unchanged. 

An analogous analysis can be performed in the present 
case. Again, smooth symmetries of the full spacetime 
must also be symmetries of the background (described 
in Sec. ||). Among these, it is natural to consider the 
isometries of the embedding space (|f) (see H). Then, 
it turns out that spacetimes representing non-expanding 
impulsive waves in the Nariai universe in general admit 
at least one Killing vector field. Namely, for an arbitrary 
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H the metric (13) and the constraints (|l4|) are invariant 
under the null rotation generated by 

Z 2 dv + Udz 2 , (29) 

i.e. under the transformation (/? being a parameter) 

U' =U, V = V + f3Z 2 + ±f3 2 U, 

Z 2 =Z 2 + PU, Z'i = Z, (i = 3, 4, 5). (30) 



In terms of the four-coordinates of ( |17| ) , this corresponds 
to the generator 



d v + Au 2 d u 



(31) 



with the finite transformation 
u 



u = 



1 - (3Au ' 



v' = v + (3, C = C (32) 



In the limit A — ► 0, this simply becomes the transla- 
tion of pp -waves, generated by d v . Particular choices of 
H may represent spacetimes with more isometries. For 
instance, in the case H = H(Z§) one has an axially sym- 
metric metric independent of <f>. with the further Killing 
vector Z^dzi — Z^dz 3 (see Sec. [fv| for two explicit exam- 
ples) . From the Killing equations it can be easily verified 
that, in the axially symmetric case, no more symmetries 
are permitted (except for a trivial H). A richer struc- 
ture is in principle expected if one allows for non-smooth 
transformations, for specific shapes of the profile func- 
tion H. However, we do not deal with this issue here, as 
it involves mathematical subtleties which go beyond the 
scope of this paper (see |36) for such a study in the case 
of impulsive pp -waves) . 



VI. THE LIMIT OF EXACT SANDWICH 
WAVES 

In this section we wish to demonstrate that non- 
expanding impulsive waves in the Nariai spacetime con- 
structed above can be naturally understood as limiting 
cases of more general exact radiative spacetimes. Within 
the wide Kundt class of non-diverging solutions |Q, let 
us concentrate here on the sub-family 



ds 2 



du 2 (Aw 2 + 2H) - 2dudw + - j 

(I H~ Q 



2dCdC 



(1 + |ACC) 2 



(33) 



in which H = H(u, (, £) is analytic in (£, Q) and has 
an arbitrary dependence on u. With the standard null 
tetrad k = d w , I = d u + \ (Aw 2 + 2H)d w , m = £9^, the 
curvature components read 



*2 = ~, *4 = -S (A(H C + Y,H <C ) 



$2 



R = AA. 



(34) 



Thus, in general the spacetime is of type-//. The vacuum 
equation $22 — clearly has the solution 



%(,() = /(«,()+/>,(), 



(35) 



see the discussion in Sec. [V. In this case, the metric (p 



represents the Kundt vacuum spacetime with a positive 
cosmological constant. In particular, for H = this turns 
out to be the Nariai universe (11), as the substitution 



V2 

'IT 1 



(36) 



explicitly shows. 

Now, we can understand the null coordinate u in (|32 
as playing the role of a "retarded time" and the function 
H that of a "wave profile" . Then, if H is taken to be 
non- vanishing only for a finite range of it, it is natural to 
interpret the metric (^3|) with j3q) as describing a pure 
gravitational field of finite duration which propagate in a 
Nariai background (with the speed of light). Moreover, 
using ( |36| ) it is easy to verify that in the limit of "instanta- 
neous" waves, H(u,C,C) ~ * H(£X)S(u), spacetimes p^ ) 
are exactly the previously considered non-expanding im- 
pulsive waves (0). This is a strict analogy with non- 
expanding impulsive waves in constant curvature back- 
grounds, which are known to be impulsive members of 
the Kundt class of type-iV solutions of vacuum Einstein's 
equations (see 37 ). In general, one can construct sand- 
wich gravitational waves with an arbitrary profile, e.g. 
shock or smooth waves. In any case, these waves are 
spherical but non-expanding. 

In view of these results, we suggest to interpret the 
exact solutions (|3^) (with J35|)) as describing a Nariai 
universe containing gravitational radiation. 



VII. IMPULSIVE WAVES IN OTHER DIRECT 
PRODUCT BACKGROUNDS 



The construction of Sec. Ill can be easily generalized 
to describe non-expanding impulsive waves propagating 
in other well known spacetimes which are the direct prod- 
uct of two 2-spaces with non-vanishingconstant curva- 
ture. Namely, we can replace (|l|) and ( J14| ) with the more 
general metric 

ds 2 = - 2dUdV + eidZ 2 2 + dZ 2 + dZ 2 + e 2 dZ 2 



H(Z 2 ,Z 3 ,Z il Z 5 )6(U) dU 2 



(37) 



-2UV + exZS = z x a\ Z3 4 + Z 4 Z + e 2 Z 5 z = e 2 a 2 , 

(38) 

in which ei, e 2 = ±1 give the sign of the curvature of 
each 2-space. A four-parametrization which generalizes 
® and @ reads 

2 _ H{(, ()5(u)du 2 + Uudv 2d(d( 



ds z = 



(l + e lfl - 2 H 2 (l + ie 2 a- 2 CC) 2 ' 



(39) 
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t=2n 



t = 



R=0 



FIG. 4: The conformal diagram of the Bertotti-Robinson and 
anti-Nariai spacetimes with non-expanding impulsive waves, 
given by the two null lines. Each point represents a two- 
dimensional (pseudo-)sphere. The timelike boundaries R = 
and R — n correspond to null and spacelike infinity on 
opposite sides of the universe. As long as the coordinate time 
t is assumed to be periodic, t = and t = 2ir have to be 
identified. Otherwise, one can unwrap t and build an endless 
tower of these conformal diagrams, from t — — oo to t = +oo. 



We are thus left with four possible different non-trivial 
spacetimes, according to the signs of t\ and £2. Note 
that backgrounds with e% = — 1 contain closed timelike 
curves, unless one takes a universal covering. The case 
t\ = 62 = +1 corresponds to the impulsive solution in the 
Nariai background described in previous sections (with 
A = a~ 2 ). When t\ = £2 = — 1, one has waves in the 
anti-Nariai spacetime AdS2 x H 2 . This is a vacuum solu- 
tion with A = — a~ 2 < 0, which appears, for example, in 
the extremal limit of topological black holes (24) (in which 
case HI 2 is compactified to a Riemann surface of genus 
g > 1). The famous Bertotti-Robinson metric AdS2 x § 2 
pl| , |3q ] is recovered when e\ = —€2 = —1, and describes 
a conformally flat spacetime filled with a uniform electro- 
magnetic field. The last possibility, £1 = —62 = 1, gives 
a conformally flat "unphysical" spacetime dS2 x H 2 with 
negative energy density. Combined situations (A plus 
an electromagnetic field) may also occur by applying the 
prescription suggested in Sec. [n] for the charged Nariai 
solution, see (^l). In any case, metrics ( |39| ) in general 
describe a superposition of impulsive gravitational waves 
(with point- like sources) and impulsive null dust, the ge- 
ometry of the wave front being S 2 (for £2 = +1) or H 2 
(for £2 = —1). The essential conformal structure depends 
only on the first factor in the direct product metric, which 
contains ei . For the dS2 is shown in Fig. |l|. For the AdS2, 
one similarly obtains that of Fig. [|, which resembles the 
case of impulsive waves in a full anti-de Sitter spacetime 
fS0[ . Note that in the limit a 2 — > 00 (that is, when the 
cosmological constant and the electromagnetic field ap- 



proach zero) all the metrics (|39|) become impulsive pp- 
waves. 

The analysis of Sees. [Ty|, [v| and VI can be straightfor- 
wardly adapted to any of the above possible backgrounds. 



VIII. CONCLUDING REMARKS 

A new class of exact solution of Einstein's equations 
with a positive cosmological constant has been presented. 
This describes impulsive gravitational and/or matter 
waves propagating in a Nariai universe, and thus com- 
pletes the classification of non-expanding impulsive waves 
in spherically symmetric vacuum spacetimes. A conve- 
nient six-dimensional embedding formalism has been em- 
ployed for the construction. The formal structure of the 
solutions has been shown to be similar to that of pre- 
viously known non-expanding impulsive waves in (anti- 
)de Sitter spacetimes |7| |ll). Nevertheless, the back- 
ground is now non-trivial and displays different topolog- 
ical properties. The geometrical approach has also been 
used for discussion of symmetries of these solution (fol- 
lowing |3^] ) and for constructing impulsive waves in other 
direct product backgrounds, such as the anti-Nariai and 
the Bertotti-Robinson universe. 

Vacuum field equations have been solved in full gen- 
erality, and singularities of the solutions have been in- 
terpreted in terms of point multipole sources of gravita- 
tional waves. Our analysis followed the works by Griffiths 
and Podolsky for solutions in Minkowski and (anti- 
)de Sitter |ll[] backgrounds. But there is a difference. In 
the solutions [n], the axially symmetric monopole 
terms are physically understood as fields generated by 
ultra-relativistic particles, initially obtained by an appro- 
priate boosting technique by Aichelburg and Sexl 0] and 
Hotta and Tanaka M. A generalization by Podolsky and 
Griffiths themselves iH extends such an interpretation to 
higher multipole terms (at least when A = 0). However, 
it seems that no exact static solutions are known in an 
asymptotically Nariai spacetime. Therefore, so far we 
can not relate the above null solutions to any such field 
boosted to the speed of light. 

Finally, we have observed that (similarly as in the case 
of constant curvature spacetimes ]3^|) these impulsive 
solutions in the Nariai universe belong to a more gen- 
eral family of Kundt spacetimes. This family can thus 
be interpreted as representing exact sandwich gravita- 
tional waves of finite duration, or even the full Nariai 
cosmos filled with gravitational radiation. It seems to us 
that these solutions did not appear previously, at least 
in explicit form. Very similar metrics have been already 
considered, see, e.g., equations (27.54) and (31.37) in Q 
(for special choices of the arbitrary functions / parameters 
therein). However, these describe non- vacuum type-V 
spac etimes. According to considerations in Sees. |fv] and 
VII , they can be interpreted as a Bertotti-Robinson uni- 



verse with gravitational radiation. 
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APPENDIX A 

By a slight modification of the derivation by Podolsky 
and Griffiths jll] for the case of impulsive waves in (anti-) 
de Sitter spacetimes, we present here basic relations lead- 
ing to formulae (p6|). One starts by expanding the func- 
tion ln(l — z) 1 / 2 for z G (—1, 1) in terms of the complete 
system of Legendre polynomials as (see, e.g., |39[|) 



ln(l-z) 1/2 = !(ln2-l)-£ 



1=1 



l + \ 
1(1 + 1) 



P t (z). (Al) 



Since Pi(-z) = (-l)'P;(z), it also holds 



1, l + z 
— In 

2 1 -z 



oo , 1 



1=1 



1(1 + 1)' 



(A2) 



For higher m-te rms, combing the definition ( p^ ) for 
F m (z) with (Al) and the recurrence formula for the as- 
sociated Legendre functions of the first kind, 



PT(z) = (-1H1 - z^—P^z), (A3) 



one gets 



°° / 4- i 



(A4) 



Recalling that j\dzPi(z)Pj(z) = (I + 1/2)-% and 
Pi(l) = 1, one can write the distributional expansion 



6(l-z) = J2(l + ±)P l (z). 



(A5) 



1=0 



If now the operator L m = d z [(l — z 2 )d z ] — m?(l — z 2 )^ 1 
is introduced (for to > 0), the identity L m P ; m (z) = 
— 1(1 + l)P[ n (z) follows, since P[ n (z) are solutions of an 
ass ocia ted Le gen dre equation. Applyi ng s uch a n ide ntity 
to ([A|) and (A4) and making use of ( [A3] ) and (|A5|), one 
gets 

L l]nl±±=5(l + z)-5(l-z) ) 
2 1 — z 

L m F m (z) = (1 - z 2 ) m ' 2 5^ m \l - z), (A6) 

where c^™' (1 — z) = d m <5(l — z)/dz m . An analogous proof 
can be carried out for F^ rn (z). 



The (distributional) energy conditions obeyed by the 
idealized point sources (f26[) of Sec. IV are here discussed. 



k^kv) the 



First of all, for pure radiation matter (T^ 
weak, strong and dominant energy conditions turn out 
to be completely equivalent, due to the null character of 
k. Then, it suffices to concentrate on the weak condition. 
Given a non-spacelike vector t and considering the results 
of Sec. |y|, that reads 

T^t" = (327r) _1 A J(z, <j>) S(u)(k ■ t) 2 > 0. (Bl) 

Clearly, this is automatically satisfied everywhere but at 
u = 0, where the possible matter is localized (from now 
on, we also disregard the trivial case 6(u)(k-t) 2 = 0). On 
the wave front, the crucial sign is given by J(z,<p), since 
8(u) is a non-negative distribution. Now, the multipolcs 
with odd to in (|26|) have to be considered only as formal, 
since contain terms (such as x m ' 2 5^(x)) which are not 
defined as distributions within Schwartz's theory. These 
will not be discussed here. The even-multipoles, instead, 
are described b y di stributions with a non-definite "sign" , 
thus violating (Bl). This agrees with physical intuition 
as, roughly speaking, a multipole must contain "charge" 
densities of both signs. As expected, it turns out that 
the surface integral of such J± m is indeed vanishing (thus 
the total energy is non-negative). On the other hand, the 
monopole Jo in ( |26| ) is described by the difference of two 
distributions with a well-defined sign. Then, it should 
be interpreted as representing two particles with equal 
and opposite energy densities. Note that the "unphysi- 
cal" negative energy density is in this case mathemati- 
cally unavoidable, and can geometrically be understood 
by considering the equivalent electrostatic problem of a 
point charge on a sphere (the electric lines of force gen- 
erated by a source at the South pole must re-converge 
on a sink at the North pole, instead of spreading out at 
infinity, as in the planar case). 

We conclude showing that, anyway, combined solu- 
tions (with point particles and null dust) exist which 
do not violate the energy conditions. We may simply 
adapt a "heuristic argument" by Balasin and Nachba- 
gauer 1 1] (who also indicate how to make the proof rigor- 
ous). Thanks to the generalized Kerr-Schild form of the 
metric ( |l7| ) (see Footnote ||) , the squared norm of t can 
be decomposed as 



t ■ t = \H5(u)(k ■ t) 2 + g(t, t) < 0. 



(B2) 



In this, it is the first "infinite" term that determines t 
being causal. Therefore, if we consider a profile function 
H which is st rictly positive on the whole wave front (z £ 
[—1,1]), (B2) can never hold there. In this case, (Bl) 



does not have to be satisfied, thus not restricting J(z, (j)). 
For instance, the positive function H(z) = e z — ln(l — 
z 2 ) 1 ! 2 is associated with the source term J(z) = e z (z 2 + 
2z - 1) + 6(1 -z) + 8(1 + z)-l. 
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